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AN APPROXIMATE SOLUTION TO THE LAMM EQUATION
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An approximate solution to the Lamm equation subject to the initial and boundary conditions for conventional sedi-
mentation velocity experiments is derived and compared with the approximate solution of Fujita and MacCosham. Calcula-
tions with this solution demonstrate that the half-height method of estimating sedimentation coefficients yields correct

values for € < 0.02.

1. Introduction

Previous work [1] has demonstrated that reliable
estimates of s/D, but not s, may be obtained by non-
linear regression analysis of approach-to-sedimentation
equilibrium data using an approximate solution to the
Lamm equation. Of interest is a similar analysis of
sedimentation velocity data which could yield estimates
for s and s/D using data obtained from sedimentation
velocity experiments. With this purpose in mind, a
derivation of an approximate solution of the Lamm
equation will be developed.

For sedimentation velocity experiments, the solu-
tion column height is about 1 cm. The conditions
chosen for conventional sedimentation velocity experi-
menis result in a plateau region (de/dr = 0) which
exists over the central portion of the solution column
during the course of the experiment. This fact allows
the use of the Faxen-type boundary condition which
considers that the solution column extends indefinitely
from r = r, to # =<o. The initial condition for conven-
tional experiments is that C, , = Cg for £ =0, 7, <7 <eo.
A boundary condition exists which states that no flow
of solute occurs at 7 = r,. Faxen has given a formal
exact solution for these conditions [2], but the resulis
appears too complex for use in nonlinear regression
analysis. Fujita and MacCosham [3] have derived an
approximate solution based on the approximation that
the boundary remains close to the upper meniscus
((z/r,)? = 1). This solution has proved to be of con-

siderable use in extending our understanding of the
sedimentation of small solutes. In the analysis which
follows both s and D are assumed to be independent
of concentration. The angular velocity o is assumed
to be constant during the course of the experiment.

2. Solution of the equation

The Lamm equation for a single homogeneous
solute sedimenting in a sector-shaped cell is [4]
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where C is the concentration of the solute on a volume
basis, 7 is time, 7 is the radial distance from the center
of rotation, «> is the angular velocity, s is the sedimen-
tation constant, and D is the diffusion constant. The

initial and boundary conditions are:
C=Cy; r,<r<e, t=0, )

DaClor=rw?sC; r=r,, t>0. €))

Eqg. (1) is converted into an equation with dimension-
less variables by the substitutions:

ClCe=0, X=(rlr,)? —1, 7=2sw?t, € =2D/[sw2r2.

Equation (1) now becomes

26/37 = (3/aX) [(X+ 1) (e 88/0X — 0)] . @)
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The initial and boundary conditions become:
=0, é)
7>0, X=0. ©)

6=1; 0<X<eo,
€06/aX=6;

It may be shown that under these conditions for X
large (the platean region of the boundary curve) that
8 = e~ 7. Thus the substitution 6 = e— 7+ is made.
Eq. (4) becomes with this substitution:

oU/o7=e(X+1)32U/0X2+(e—X—1)oUfoX . (7)

In the derivation of Fujita’s approximate Archibald-
type solution for approach-to-sedimentation equili-
brium the approximation [5] is made that X+1 is re-
placed by the constant value (1+ (r;,/7,)?/2. Here the
value of X+ 1 will be assumed to be constant and equal
to a. The appropriate value for @ will be explored sub-
sequently. Under this approximation eq. (7) becomes:

Uo7 = €a d2U[oX2 + (e—a) oU[oX . ®

The boundary conditions are transformed to:

U=¢e"; 0<X<ee, 7=0, ©)

eoUfox=U; +>0, X=0. (10)

The substitution is now made that:

U= Vexp (—%ﬁl). (11

With this substitution eq. (8) reduces to:
oV/oT=ead?V/ox?. (12)

The boundary and initial conditions become:
(;L“’z)g; v, X=0, 7>0, 13)

a4

V=exp{—X(@—€)/(2ea)}; 7=0, 0<X<eo

The Laplace transform of eq. (12) subject to the initial
condition given in eq. (14) gives the subsidiary equa-
tion (15):

g.z.z—qzi—f:—g—zexp {_X(a—e)}, (15)

where ¥ is the Laplace transform of ¥ and g2 = p/(eq).
The general solution of this equation is:

= 1/(ea) €
V= -
P~ la—of2ael2 ¥ { x (52 )}
+Ciexp(—gX) + Crexp(@X). (i6)

Since we require that ¥ be bounded as ¥ —><s, the con-
stant of integration C, =

The boundary condition (13) allows the determina-
tion of C; as:

1 1 1

Q=" a? — [(a—~€)/2ae]2a + (et a)/2ea” an
In order to find the inverse transform of ¥, eq. (16) is
expressed as 2 sum of partial fractions which simplify
to:

o 1/(ea) _
e { e )}

1 1
€ g+ (e+a)l2ea exp (—gX)

a 1
T e@a— o) g+ @—ozea™P TN

i 1
* (e—a)g— (@a—e€)2ae exp (—gX) - as)

Upon replacing g by v//(ea) the inverse transform [6]
may be simplified to:

V=exp { (a4—a:)2 'r} exp { —-X (;;ee)}

(5 gzt
(-

v )

(L=
exp( a—:{;‘lz’-!»(a — )27 )
dSv-—d)

<1

—%exp(z(e—‘ge'f"’ (e _a)z,.)
<(-o(Z))
where

2X 2
¢(X)=;{e— dz.
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Fig. 1. Calculaied boundary curves using the Fujita-MacCosham (dashed line) and derived (solid line) approximate solutions with

§=2.54%x10"135,D=9.5x 1077
in the figure adjacent to each curve.

The final solution is:

C, ,=CyVe Texp (— (20)

4eal(e —a)
In the case where e <<X g, eq. (20) simplifies to:

(- (Gm) e

The problem of the value of @ remains. Suppose
the experiment has reached some reduced time 7= 7%.
At the start of the experiment @ would have the value

2X+7(€—a))_

Cr,t =Coe™ 7 {1 -

Table 1
Effect of € on estimation of sedimentation coefficients by the
half-height method

sx 1013 Dx10°6 € 7 final®) estimated
sx 1013

2.54 0.95 0.0060 0.140 2.53

1.82 1.19 0.0207 0.128 1.83

1.00 1.50 0.0242 0.082 1.03

0.50 2.50 0.0808 0.005 0.59

2) Sedimentation coefficients were calculated using data for
which 0 < 7 < 7fjpal-

cm?[s, ry = 6.0 cm, and RPM = 56000. The times (in seconds) for the boundary curves are given

e™=0=1; at 7 = 7*, a would have the value e7*. The most
suitable value for @ would appear to be the 7-averaged
value. Thus when calculating the shape of the boundary
at 7 = 7% g is taken to the (7" — 1)/7*, the average
value of g between 7 = 0 and 7 = 7¥. Essentially the
same numerical result is obtained if « is averaged with
respect to 7 between r=r, and r=r".

3. Numerical results and discussion

Fig. 1 shows graphically the degree ¢i similarity for
the two approximate solutions. For 7 < 0.02 (z <
1000 s) the two solutions are virtually coincident, but
diverge considerably for 7 > 0.1 (¢ > 6000 s). The
Fujita-MacCosham solution results in a broader bound-
ary. Current practice for the estimation of sedimenta-
tion coefficients involves estimating the position of
the boundary as the radial distance at whicn dc/drl,, .
occurs or at which C,, /Cp 1, equ is 0-5. Fujita and
MacCosham showed that for small solutes the location
of the boundary as de/dri,,,, will yield sedimentation
coefficients larger than their true value due to the fact
that a time lag exists in the appearance of a maximum
in the dc¢/dr versus 7 curve.
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The resulis summarized in table 1 show that for
small soluies the hali-height method will yield resuits
which are erroneously high, while for iarger solutes the
half-height method will yield accurate estimates for
the sedimentation coefficient. A typical sedimentation
velocity experiment generates a number of C, , versus
r curves. The hailf-height method utilizes only one r
value from each time point to estimate s. The solution
developed herein along with previous work with
approach-to-sedimentation equilibrium data suggests
that it may be possible to use all the data generated
during the time course of a sedimentation velocity
experiment to provide estimates for s/D as well as for s.
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